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SUBJ ECT MATI-IEMATICS II

COMBIN_ATIONS-:

- MATHEMATICS-CHEMISTRY-BIOLOGY (MCB)
- MATHEMATICS -COMPUTER SCIENCE-ECONOMICS (MCE) |
- MATHEMATICS-ECONOMICS-GEOGRAPHY (MEG)
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- -~ MATHEMATICS-PHYSICS-GEOGRAPHY (MPG)
- PHYSICS-CHEMISTRY- -MATHEMATICS (PCM)

DURATION: 3 HOURS
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4)

| 'INSTRUCTIONS: |

Write your names and index number on the answer booklet as written on your A
registration forrn and-DO NOT write your names and 1ndex number on
additional answer sheets if provided.

Do not open this question paper until you are told to do so.

This paper consists of two sections: A and B. _

Section A: Attempt all questions. (S5 marks)

Section B: Attempt only three questions. (45 marks)
‘Geometncal 1nstruments and silent non-programmable’ calculators

‘may be used.

Use only a blue or black pen.
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Section A: Answer all questions (55 Marks)

1. Calculate the limit (3 Marks)

. sin(x — 4

lim { )

r+d 1 —4
2. Write the following number in polar form: @ = V3 i (4 Marks)
3. Convert 2& — 5r° =1+ IY into polar coordinates (3 Marks)

4. Solve the following equation:

3 5
In{e”} = In(e”} + In{e”) (2 Marks)
5. Solve the equation 2227 2% — ) (3 Marks)
dy .
6. Find the particular solution of €™ = & + 1, given that x=0, y=3 (4 Marks)
7. Find the equation of the plane which passes through point A(2.-1.3) and parallel
to the plan (P) with equation
r—2y+32=1 (4 Marks)
8. Solve in C the equation =1+ (4 Marks)
5 -

9. Consider the parabola given by ¥ = =~ + V36z% +5

a) Find its vertex. (3 Marks)

b) Find its axis of symmetry. (2 Marks)
10. Evaluate the integral below: (4 Marks)

[=E]

/' da
o 1+tan’x

11. Find the area of the region bounded by the graph of function ¥ = V 2' + 1 3nd the
function
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U= z® and the vertical lineax = —landz = 1 (4 Marks)

12. If the principal money is $100,000 the annual interest rate is 3% and the interest is
compounded continuously. What will be the balance after 40

years? (4 Marks)
13. Differentiate the function flx) = In(z + cosz) (3 Marks)
14. Linearize sin = cos? = (4 Marks)

2_ 1. : :
15. The curve ¥ = #~ — L js rotated about x-axis though 360". Find the volume of the
solid generated when the area contained between the curve and the x-axis is rotated
about the x-axis. (4 Marks)

Section B: Answer only three questions (45 marks)

ftsmLi xdx
16. a) Determine the integral (7 Marks)

b) Find the solution of the differential equation ¥ + 8y + 25y = 0 which satisfies
the initial conditions 0 = ﬂ, yo=2and ¥o =1
(8 Marks)

17. a) The population P1 and P2 of two cities are given by the following Equations:

Py = 10000 and P2 = 2E]'3'3'3'?'\[]"[]“; where k is a constant and # the time in
years with = () corresponding to the year 2000. Find the constant k so that the two
populations are equal in the year 2040 and approximate your answer to 3
decimals.

(8 Marks)

b) Find the cartesian equation of the plane a which passes through the

point P(2,-3.4) and perpendicular to the line defined by the

ooints A = (1,5,7) ang B = (—2,2,3)
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(4 Marks)

c) For what value of A are the vectors ¢ + 2j — 3k
, 31+ Aj+Fk gnd 1+ 25 + 3k coplanar?

(4 Marks)

—

| i 0,7.7)

18. Point 41 (3.2) and B (5.0) are in Cartesian plane( . (scale: 1 unit to present
1cm). Represent the point in same Cartesian plane and construct the triangle

OAB. (2 Marks)

a) Find the equations of the straight lines OA and AB. (5 Marks)

b) Calculate the area of the triangle OAB using the equation in (a) and integral
calculation (calculations in r:m.z). (4 Marks)

c) Prove the results applying the area of a triangle. (2 Marks)
d) Deduce average value of [ for [G~ E']. (2 Marks)

19. Suppose a study of speeding violations and use of car phones by some drivers
produced the following data:

Speeding violation in last year No speeding violation in last year
Car phone use 25 280
No car phone use 45 405
Total 70 685

Calculate the following probabilities using the table:

a) P(person is a car phone user) (3 Marks)
b) P(person had no violation in last year) (3 Marks)
c) P(person had no violation in last year and was a car phone user) (2 Marks)
d) P(person is a car phone user or person had no violation in last year) (3 Marks)
e) P(person is a car user given person had a violation in last year) (2 Marks)

4
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f) P(person had no violation last year given person was not a car phone user) (2 Marks)

20. For all natural 72, the numerical function ¥y is defined by

1
!
.F:,l(;ﬂ] = - L 7y L€ R I, :/ Fﬁl{rjd‘r
1+ == . Given that 0
a) Calculate I (4 Marks)
b) Calculate {1 + I3 and deduce {3 (4 Marks)
1
fgp + Igp_g = 5 :
c) Show that, for all natural p, 2p+1 (3 Marks)
d) Calculate Is Iy, and Is. (4 Marks)
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MARKING GUIDES OF MATHEMATICS NATIONAL EXAMINATION 2021

1) Iirn5|n(x—4) _ sin0 :9
>4 X—4 0 0

By using hospital rule
.msm(x—4) _lim (sin(x—4)) _lim cos(x—4) _ cos0 _

I.F

li . 1
X—>4 X—4 X—>4 (X—4) X—>4 1 1
2) @=+3-i|o/=Va’+b? r=|o/=3+1=2
cosé?——3
tanf= == 9=""or-30%r,0 = ~330°0r 2 g -7 _1lx
7 6 6 o 6
S|n9:7

w=r(cosd+isinb)
Polar form - -
W= 2(cos—7[ + isin—”) = 2(cosZ —isin Z)

6 6 6 6

Or w= 2(cos£+isinﬁ)
6 6
3) x=rcosf or y=rsind
2X —5x® =1+ xy into polar coordinates
2r cos@ —5(r cos@)® =1+ (rcos)(rsin o)
2rcos@ —5r°cos® @ =1+r?cos@sing
4) We know thatIne* = x similarly Ine®* =3 and Ine® =5
Ine* =Ine® +Ine® = In(e®*?®)
X=3+5=38

5) x%2*=2" = x? :%:1z>x:i1
dy dy
6) e =x+1=Ine®™ =In(x+1)
By integrating both sides,
Idy:J'In(x+1)dx:>judv:uv—jvdu
u=In(x+1)

Letd i V:IdX)
Uu=—— _
1+X V=X
X
=xIn(x+1) — | ——dx
y (x+1) J.x+1

y = xIn(x+1)—I(1—i)dx= xIn(x+1) —x+In(x+1)+c
x+1

Where x=0, y=3, c=3
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y=xIn(x+1)—x+In(x+1)+3
y=(X+1In(x+1)—x+c

7) P=x-2y+3z=1
a=a(x—X)—b(y—-y,)+b(z-2,)=0
v =(1-2,3), A(2,-13)
a=1(x-2)-23(y+1)+3(z-23)=0
=>a=X-2y+3z-13=0

8) z%=1+i
let z=X+Yi= 2" = (x+iy)" =x* —y* +2xyi =1+i
) 1++/2
X" =
2
X*—y* =10 M+(@2):2x2 =142 |y_ o 132
-1++2
2xy =1,(3 1 2 _
y=1(3) -1 y .
—1++/2
y= >

. =\/1+2J§ +i\/—1;\/§

. :_\/1+2J§ _i\/_lzﬁ

9) y=x*-6x+5=y=a(x-h)’>+k
y=(x-3)"-9+5=y=(x-3)" -4
a) Find its vertex is (-3,-4)
b) Its asis of bsymmetry is given by x=-3
Z dx Z dx z dx
10) |2 — |2 —[2
)-[0 1+ tan® x IO sin® x J.O cos® x +sin® x
1+— 3
cos® x cos® x
b b
From ®L f (x)dx :L f(b+a—x)dx =
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I:J‘” dx :J~” cos® xdx

2 2
o 1+tan®x Y cos® x +sin® x

3,77
cos” (= — x)dx
(2 ) 5 cos® xdx

0 cos® x +sin® x

7z
—[2

0 3, 7T . 3, T
COS" (——X)+SIN"(——X
(=1 +sin’(7 =)

I:J'” dx :g dx

2
0 1+tan®x

;o .[Z tan® xdx
- 3, 3
01+tan3(72[—x) 0 1+cot’x <0 1+tan”x
(i)+(i)
Z o dx Z tan® xdx ¢ 1 tan® x Z 1+tan®x
21 :J'z +J‘2 _J'z I :J'z

z 4
)dx =j02 dx==

0 1+tan®x 0 1+tan®x 0 1+tan®x 1+tan®x’ o “1+tan®x
1=z

4
11)y:\/x“ +le f(X)=x"+1

g(x) =x*

x=-1and x=1
the area between f(x) and g(x) is given by A= _[:[ f(x)—g(x)]dx

3 47t
A:J‘1 (X2+l—x3)dX: X_+X_X_ =l+1—£—(—1—1—£)=§UA
N 3 41,37 4 37 4) 3

12) P, =100000,r =5% =0.05= A= P,e" < A(No) =100000e**** =738905.60$

13) f(x) =In(x+cosx) (In(f(x))'= ,;(())(())

(x+cosx)' 1-sinx
X+COSX  X+COSX

ix . —ie ix —ie 2 ix _ —ie 2ix —2ie
14) sinxcos? x = e _e e’ +e _|e _e et +e " +2
2i 2 2i 4

_i 3ix —ix iX X A3iX —ix _1 3ix _ 43ix ix _ 4-ix

_8i(e +e " +2e" —e" —e” —2e )_Si(e e’ +e” —e )
3ix 3ix ix —ix

l(e & 2t ]:l(sin3x+sinx)

4 2 21 4

15) x> -1=0<= (Xx+)(x-1)=0,x=1,x=-1

f(x)'=



http://www.thinkbig.rw/online-courses/

For more; visit http://www.thinkbig.rw/online-courses/ or (www.thinkbig.rw)

5

1
V= ﬁj:yzdx = 72'":11(X2 —1)2 = ﬂj'jl(X4 —2x% +1)= 7{% - 2)(—33 + XL

=7 1—3+1 - _—1+3—1 =16—7ZUV
5 3 5 3 15

SECTION B
dt

16) a) Itan3 xdx let t =tan x,x:tan’lt,dx:ﬁ
+

t t?

t 1 )
>0t =———In(1+t") +c
1+t 2 2

1+t2

.[tans xdx :j dt :'[t -~
:%tan2 x—%ln(l+tan2 X) +C

1 1
= —tan? x——In‘sec2 x‘+c
2 2

:%tanz X —Injsecx| + ¢

b) y"+8y'+25y =0
A2 +81+25=0,A=8%-4x1x25=-36

~8++/36i°
2

—~8-+/36i°
2

CE 4 = =—-4+3i

A = =—4-3i

e (Acos3x + Bsin3x)
'= e‘4x)(Acos3x + Bsin3x) + e (Acos3x + Bsin 3x)'

The general solution is: y
y

9
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= e [(-4A+3B)cos3x + (—3A—4B)sin 3x]
e [Acos3(0) + Bsin(0)] =0
1(A+0)=2=A=2
As x0=0, yo'=1 We get

= e —4(0)[(-4A+3B)cos3(0) + (-3A—4B)SIN (0)] =1

1-4A+3B]=1

-4(2)+3B]=1=B=3
Particular solution is ¥ = e~ (2c0s3x + 3sin 3x)

17)a) if t=0 relate to the year 2000 then t=40 relate to the year 2040 thus the population of two
cities are equal P1=P2 when t=40
10000 g0k _ g0t 1 e

1

e o ="

20000 2 e 2
0.

As x0=0, yo=2 we get

_ 0.4-40k

10000e“* = 20000 0% — =e

1
1 4—In=

INL —ne®k 5 04_40k=ns—40k=04-Intmk=— 2 _0027
2 2 2 40

b) Let Vbe the direction vector of the line L defined by aand bVv=b-aor (3,3,4)

V=(-223)-(157) = (-3-3-4)
If the direction vector of L is orthogonal of & then
a=a(X—X)+b(y—y)+c(z-2,)=0
=-3(x—2)-3(y+3)—-4c(z-z-4)=0
==-3Xx+6-3y-9-4z+16=0
=-3Xx-3y—-4z+13=0=3x+3y+4z-13=0
C) If the vectors 5 B and E are coplanar, then their box product is zero
1 2 -3
[*,B,E]z 3 4 1/=01(31-2)-29-1)-3(6-4)=0
1 2 3
=31-2-16-18+31=64-36=0=>1=6

18) Let draw the triangle OAB

10
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y
5 | A
_ . h B
O 375 {

a) The line OA is of the form y=ax and if it passes through the point A(3,2) We get 2=33,
_2
a=%
Then y = 2 X
3

The line AB is of the form y=ax+b and it passes through the points A(3,2) and B(5,0)
therefore

2=3a+b:> b =-5a
0=5a+b 2=3a-5b
a=-1b=5
y=—-X+5
b) Area of the triangle OAB is A= I: f (x)dx

3 g2 5
Azfﬁdx+f(—X+S)dx: Lo | | =X x| =s5em?
0 3 3 3 2

0 3

X

o8

m‘_SxZ
2 2

¢) Rea of the trianle OAB Is S = =5cm?

b
d) Average value of f for [0,5] U= bij. f(x)dx = %x 5 =1unit
— a 2

1mmm:%g

a) P(person is a car phone user) = 3_25

b) P(person had no violation in the last year )= 685

11
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c) P(person had no violation in the last year and was a car phone user )=@ or

P(A1 B)—Z—gg

305 N 685 280 _ 710
755 755 755 755

e) P(person is a car phone user given that had violation in the last year):§

d) P(person isa car phone user or had no violation in the last year) =

p(a/B)= PABC)
P(C)
e : 405
f) P(person had NO violation in the last year given that was not a car phone user) = —
p8/D)=(B8D)
P(D)
20) Concider F, (x) = 2X and | :Ian(x)dx for Xxe R
X“+1 0
¢ X ) B 3 %_
a) Il_LFn(X)dX—L X2+1dx let X* +1=t,dt =2xdx, 5 = xdx
dt
I —_[ 2 1 %—iln|t|+c=lln‘x2+ﬂ+c
x® +1 t 2 2
Then u=5[m\x2+#]z=i[m|1+u]—1[m|o+u]=ilnz
1 X X” + X 1 [ X7 +1
b) 1, +1 = dx = xdx_
) = J.O[x 1% +1j J(x +lj -[0 (x2+ J I 2
e
Then I, ==— _———I 2==-(1-1In2 :—In—
ol H=3772 2( ) 2 2
c) Letus show that for all natural number P I, +1,,,, = .
2p+1
1 X 2P+2 1/, 2p+2 2p 2pa
2p+2 J. X:J- #dx J. 2p X +1 dX J'XZde_ X _ 1
5 x? +1 x® +1 0 X“+1 2 +1 2p+1|, 2p+1
As required
o x? b 1 .
d) |z=.!(xz+ljdxz.!(l—xz+ jdx=[x—arctanx]0=1—%
1 1
IL,+1,= ==
For P=1 2x1+1 :’é
VA
=3" 1- 5y _-"<, "~
( ) 3 4

12
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1 1

I4+I6:2 ==

For P=2 x2+1 5
I _1_(_E+£)_E_£
® 5 3 47 15 4

13
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